Abstract. We call an undirected graph X half-transitive if the automorphism group Aut X of X acts transitively on the vertex set and edge set but not on the set of ordered pairs of adjacent vertices of X. In this paper we determine all half-transitive graphs of order p3 and degree 4, where p is an odd prime; namely, we prove that all such graphs are Cayley graphs on the non-Abelian group of order p3 and exponent p2, and up to isomorphism there are exactly (p -l)/2 such graphs. As a byproduct, this proves the uniqueness of Holt's half-transitive graph with 27 vertices.
Introduction
Let X = (V(X), E(X)) be a simple undirected graph. We call an ordered pair of adjacent vertices an arc of X. Let G be a subgroup of Aut X. X is said to be G-vertex-transitive, G-edge-transitive, or G-arc-transitive if G acts transitively on the set of vertices, edges, or arcs of X, respectively. X is said to be vertex-transitive, edge-transitive, or arc-transitive if it is Aut X-vertex-transitive, Aut X-edge-transitive, or Aut X-arc-transitive, respectively. We call a graph X half-transitive, or 1/2-transitive, if it is vertex-transitive and edge-transitive but not arc-transitive.
The first examples of half-transitive graphs were found in 1970 by Bouwer [5] , who found an infinite family of them. The smallest graph in his family has 54 vertices. In 1981 Holt [10] found an example with 27 vertices and degree 4. Recently, Alspach et al. [2] proved that Holt's graph is the smallest 1/2-transitive graph in the sense that there are no 1/2-transitive graphs with fewer than 27 vertices or with degree less than 4. In [2] they asked, how many 1/2-transitive graphs of order 27 and degree 4 are there up to isomorphism? We shall give an answer to that question in this paper. To speak precisely, the purpose of this paper is to determine all 1/2-transitive graphs of order p3 and degree 4, where p is an odd prime. We shall prove that there are exactly (p -1)/2 half-transitive graphs of order p3 and degree 4 up to isomorphism. Thus if p = 3, there is only one such graph, so Holt's graph is only the smallest half-transitive graph. Moreover, our graphs are all metacirculants as defined in [3] . This supports a conjecture of Alspach and Marusic [1] which claims that every half-transitive graph of degree 4 is a metacirculant.
xu
The 1/2-transitive graphs of order p 3 and degree 4 we found are Cayley graphs on G 1 (p) with respect to four-element sets
Holt's graph is T 1 (3) in our notation. Since G 1 (p) is metacyclic, all Cayley graphs on G 1 (p) are metacirculants.
The main result of this paper is the following theorem:
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The group-and graph-theoretic notation and terminology used here are generally standard, and the reader can refer to [9] and [11] when necessary. Two adjacent vertices u and v in X are denoted by u ~ v or uv e E(X). For v e V(X), X 1 (v) denotes the neighborhood of v in X, that is, the set of vertices adjacent to v in X.
Let G be a finite group, and let S be a subset of G not containing the identity element 1. The Cayley digraph X = X(G, S) on G with respect to S is defined by 
Quoted and Preliminary Results
In this section we list some quoted and preliminary results which we need in the proof of Theorem 1.1. 
, then every component of X is an edge-transitive graph with fewer vertices. Thus it must be a Cayley graph on a group of order dividing p 2 , hence on an Abelian group. Therefore it is arc-transitive. Thus we may assume that (x, y) = G2(p).
It is easy to verify that x and y and also x -1 and y -1 satisfy the same relations as do a and b. It follows that the mapping a :
is an automorphism of G 2 (P). Hence aR(x), where R(x)
is the right multiplication transformation by x, is a graph automorphism mapping the arc (1, x) to the arc (x, 1). Since X is edge-transitive, X also is arc-transitive. D
LEMMA 2.4 ([7]) . Let X(G, S) be the Cayley graph on G with respect to a subset S, and let A=Aut X. Let Aut(G, S) = {a e Aut G\S a = S}. Then the normalizer N A (R(G)) of R(G) in A is the semidirect product of R(G) by Aut(G, S).

LEMMA 2.5 ([4]). Let X(G, S) and X(G, T) be two connected Cayley graphs on a p-group G with respect to subsets S and T, and let \S\ = \T\ < p. Then X(G, S) and X(G, T) are isomorphic if and only if there is an automorphism a of G such that S a = T.
We call a group G a central extension of C by T if C < Z(G) and G/C = T. The following result is a consequence of the finite simple group classification. Proof. By [8, pp. 12-14] T is one of the following groups:
, and U 4 (2) . Checking the atlas [6] for all groups listed above, we have l = 1, and p does not divide the order of Out T.
Also by [6] we have that for all these simple groups p does not divide the order of their Schur multiplier. Then we get the last assertion of this lemma. D LEMMA 2.7 Let G be a finite group, and let \G\ = 2m3np3. where p > 3 is a prime. Assume that a Sylow p-subgroup P of G is non-Abelian and of exponent p2 and that Op(G) = 1. Then P < G. Take P1 e Sylp(T1) and P2 € Sylp(CG(T1)). We have that P1 x P2 is conjugate to P, contradicting the assumption that P is non-Abelian.
Proof (L.G. Kovacs). (i)
Thus we have proved that G has no minimal normal subgroup which is insoluble, so OP(G) > 1 since Op(G) = 1.
If OP(G) = P, then P < G and we are done. Thus we may assume that Op(G) < P. Then OP(G) has order p or p2, and hence OP(G) is Abelian. We have the following:
(
ii) C = CG(OP(G)) = OP(G): Assume that C > OP(G).
First we claim that C/Op(G) has no nontrivial normal p'-subgroup. If it had one, say, M/Op(G), taking the complement K of OP(G) in M would produce M = OP(G) x K; then K < Op>(G) = 1, a contradiction. Thus C/OP(G) has a normal subgroup which is a direct product of isomorphic non-Abelian simple groups. It follows that C has a subnormal subgroup which is a central extension of OP(G) by a simple group T. By Lemma 2.6 this extension is a direct product of OP(G) and T. ( (SL(2, p) )). Then L is a subgroup of PSX(2, p), whose Sylow xu p-subgroup is nontrivial and nonnormal. By Dickson's theorem [11, II.8.27 ] the only subgroup with these properties is PSL(2, p) itself. Therefore L > SL (2, p) .
iii) The completion of the proof is as follows: By (ii) G/OP(G) is isomorphic to a subgroup of Out OP(G). If OP(G) is cyclic, then the Sylow p-subgroup of Out OP(G) is normal, implying that the Sylow p-subgroup of G/OP(G), and then of G, is normal, contradicting our assumption. Thus OP(G) = Zp x Zp, and G/OP(G) is isomorphic to a subgroup L of GL(2, p). Assume that ~L = (LCSL(2, p))/(LCZ
, and note that U and Q commute elementwise, so (2, p) , O P (G) is minimal normal in G; so the only option is that U = 1, and therefore O P (G) is complemented in G. However, we know that O P (G) is not complemented in P, a contradiction. D
The final lemma gives information about the automorphism group of the group G 1 (p), defined in Section 1. Proof. Direct calculation shows that a, B , G, and G are automorphisms of G 1 (p) and that (a,B) = Inn G 1 (p), the inner automorphism group of G 1 (p) . Now assume that r is an arbitrary automorphism of G 1 (p):
T has order p 2 and V has order p, we have p x j and p|s. Since 1+p and since a p e Z(G 1 (P)) and G 1 (p) is p-Abelian, i.e., (xy) p = x p y p for all x, y e G 1 (p), we have
), implying k = 1 (mod p). Thus we may assume a T = b i a j , b T = ba tp , where i and t have at most p choices and j has p 2 -p choices. So |Aut G 1 (p)| < p Let X be a 1/2-transitive graph of order p 3 and degree 4. By Lemmas 2.1 and 2.3, X is a Cayley graph on G 1 (p) with respect to a four-element set T = {x, x -1 , y, y -1 }. If X is not connected, then its components would be Cayley graphs on a group of order p or p 2 , hence on an Abelian group. By Lemma 2.2 X would be arc-transitive, a contradiction. Thus, X is connected. It follows that (z, y) = G 1 (p). Now we assume that X = X(G 1 (p), T) is a Cayley graph on G 1 (p) with respect to T = {x, x -1 , y, y -1 } and that (x, y) = G 1 (p). First we shall determine the full automorphism group A = Aut X and find conditions under which X is 1/2-transitive. All of these will be given in the following three Facts. Further, Aut(G 1 (p), T) has no element of order 3. If it had such an element, say, T, then r would have a fixed point and an orbit of length 3 in T. Assume that x is the fixed point, i.e., X T = x. We would have that x -1 , which is in the orbit of length 3, is also a fixed point of T, a contradiction. Now we have proved that Aut(G 1 (p), T) is a 2-group. By Lemma 2.8 Aut(G 1 (p), T) is a subgroup of some p-complement conjugate to H in Aut G 1 (p) . Since H is cyclic of order p -1, to complete the proof of this fact it suffices to prove that Aut(G 1 (p), T) has no element of order 4.
Assume that a is an automorphism of G 1 (p) of order 4. a acts on T cyclically. If x p = x -1 , then (x -1 ) p = x, and this is not the case. So we may assume that the action of a on T is a :
Since all involutions in Aut G 1 (p) are conjugate, we may assume that a 2 e H. However, H fixes a subgroup (b), which is not in the Frattini subgroup p(G 1 (p)), but a 2 has no fixed subgroup of order p in the Frattini factor group G 1 (p)/P(G 1 (p)); this is a contradiction.
The above argument also shows that if Aut(G 1 (p), T) # 1, then its nontrivial element interchanges x and y. D kp for some k. However, it is easy to check that the product of any two elements in S j cannot have this form; this is a contradiction.
